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The specific heat C of the cuprate superconductors La2−xSrxCuO4 and Bi2+ySr2−x−yLaxCuO6+δ was measured
at low temperatures (down to 0.5 K) for dopings p close to p⋆, the critical doping for the onset of the pseudogap
phase. A magnetic field up to 35 T was applied to suppress superconductivity, giving direct access to the normal
state at low temperatures, and enabling a determination of Ce, the electronic contribution to the normal-state
specific heat at T → 0. In La2−xSrxCuO4 at x = p = 0.22, 0.24 and 0.25, Ce/T = 15 to 16 mJ mol
−1 K−2
at T = 2 K, values that are twice as large as those measured at higher doping (p > 0.3) and lower doping
(p < 0.15). This confirms the presence of a broad peak in the doping dependence of Ce at p
⋆ ≃ 0.19 as previously
reported for samples in which superconductivity was destroyed by Zn impurities. Moreover, at those three
dopings, we find a logarithmic growth as T → 0 such that Ce/T ∼ B ln(T0/T ). The peak versus p and the
logarithmic dependence versus T are the two typical thermodynamic signatures of quantum criticality. In the very
different cuprate Bi2+ySr2−x−yLaxCuO6+δ , we again find that Ce/T ∼ B ln(T0/T ) at p ≃ p
⋆, strong evidence that
this ln(1/T ) dependence of the electronic specific heat—first discovered in the cuprates La1.8−xEu0.2SrxCuO4
and La1.6−xNd0.4SrxCuO4—is a universal property of the pseudogap critical point.
DOI: 10.1103/PhysRevB.103.214506
I. INTRODUCTION
Unraveling the mystery of high-temperature superconduc-
tivity remains a fundamental issue in modern solid-state
physics. A central question is the nature of the enigmatic
pseudogap phase which appears below a temperature T ⋆ and
a critical hole concentration (doping) p⋆. Well above p⋆, the
Fermi surface consists of a large quasi-two-dimensional (2D)
cylinder (see, for instance, Refs. [1,2] in Tl2Ba2CuO6+δ), the
measured carrier concentration is equal to nH = 1 + p (per
CuO2 plane), and the Sommerfeld coefficient is on the order
of 5 mJ mol−1 K−2 [3–6]. On the other hand, for p  p⋆,




ies show that the Fermi surface breaks into small nodal
“Fermi arcs” [7] and Hall effect measurements then in-
dicate that the carrier concentration drops to nH = p in
YBa2Cu3Oy (YBCO) [8], Nd0.4La1.6−xSrxCuO4 (Nd-LSCO)
[9], and Bi2+ySr2−x−yLaxCuO6+δ (Bi2201) [10,11].
Specific-heat measurements in the normal state of Nd-
LSCO and Eu0.2La1.8−xSrxCuO4 (Eu-LSCO) [4] recently
showed that the electronic contribution to the specific heat
Ce/T , actually displays a pronounced peak as function of
doping at p ∼ p⋆. Moreover, for p close to p⋆, the electronic
specific heat displays a logarithmic temperature dependence:
Ce/T = B ln(T0/T ) [4]. Both behaviors are typical thermo-
dynamic signatures of quantum criticality [12]. It is important
to investigate whether these characteristic features are also
present—or not—in other cuprates. We, hence, report here a
study of the temperature and doping dependence of the elec-
tronic specific heat Ce in La2−xSrxCuO4 (LSCO) and Bi2201
single crystals.
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In LSCO, large Ce/T values (on the order of
15 mJ mol−1K−2 at 2 K) are measured in the vicinity of
the onset of the pseudogap phase. However, in contrast to
previous measurements in Nd/Eu-LSCO [4], Ce/T remains
large over an extended doping range, confirming the former
indication for the presence of a broad maximum in the doping
dependence of Ce/T observed in Zn-substituted samples
[13]. Despite the presence of a large (hyperfine) Schottky
contribution, we also show that a B ln(T0/T ) contribution has
to be introduced in order to fit the temperature dependence
of Ce/T . Similarly, a clear B ln(T0/T ) contribution to
Ce/T and concomitant large Ce/T values (on the order of
13 mJ mol−1K−2 at 0.65 K) are observed in Bi2201 for
p ∼ p⋆, hence, confirming the universality of these features.
Very similar values of the B coefficient are observed in all
compounds (close to p⋆) and the influence of the magnetic
field on T0 will be discussed.
II. METHODS
The specific heat of seven LSCO single crystals with 0 
p  0.25 and four Bi2201 single crystals with doping contents
close to the onset of the pseudogap phase has been measured
by AC microcalorimetry in a 3He system down to about 0.5 K
and up to 35 T. Unless otherwise indicated all the magnetic
fields used in this paper were static. Sample LSCO No. 3
and LSCO No. 4 are the same samples than measured in
Refs. [14,15]. A transport study of sample Bi2201 No. 1 and
Bi2201 No. 4 (labeled OD10K and OD18K, respectively) has
recently been performed in Ref. [11]. The temperature T ∗ was
determined from the temperature dependence of the Knight
shift for Bi2201 No. 2 and No. 3 [16].
The heat capacity was measured by a modulation technique
where a periodically modulated heating power PAC is applied
at a frequency 2ω. Recording the amplitude of the induced
temperature oscillations |TAC| and its thermal phase shift φ
relative to the power allows to calculate the heat capacity:
Cp = PACsin(−φ)/2ω|TAC|. A miniature CERNOX resistive
chip has been split into two parts and attached to a small
copper ring with PtW(7%) wires. The first half (RH ) was
then used as an electrical heater [PAC = RH i
2
AC(ω)/2] and
the second (RT ) was used to record the temperature oscilla-
tions [VAC(2ω) = (dRT /dT )TAC(2ω)iDC, where iDC is a DC
reading current]. In order to subtract the heat capacity of the
addenda (chip + a few milligrams of Apiezon grease used to
glue the sample onto the back of the chip), the empty chip was
measured prior to the sample measurements. A precise in situ
calibration and corrections of the thermometers in the mag-
netic field were included in the data treatment. This technique
enabled us to obtain absolute values of the heat capacity of
minute single crystals with an absolute accuracy better than
∼95% as deduced from measurements on ultra pure copper
(for further details, see Ref. [4]).
Sample Bi2201 No. 2 was also measured in pulsed mag-
netic fields up to 39 T and down to 0.6 K by the heat pulse
method described in Ref. [17]. The single crystal was mounted
on the sample platform with a small amount of Apiezon
grease, and the total heat capacity was estimated by Cp =
Q/T , where Q is the applied heat and T is the resultant
temperature change. The addenda contribution originating
FIG. 1. Magnetic-field dependence of the specific heat at T ∼
2 K in La2−xSrxCuO4 (sample details are shown in Table I) after
subtraction of the phonon contribution Cph (see Fig. 3). The small
overshoot observed for p ∼ 0.24 is most probably reminiscent of
the superconducting transition in presence of strong fluctuations. The
shaded (colored) boxes indicate the locus of the previously estimated
Hc2(0) values [14,18]. Open circles are low-field data extracted
from Ref. [6]. As seen, (C − Cph )/T increases with p, reaching
∼15 to 16 mJ mol−1 K−2 in the normal state for p ∼ 0.22–0.25 (see
also Fig. 2).
from the sample platform and Apiezon grease was estimated
by a separate experiment. The thermometer was calibrated
by isothermal measurements of the magnetoresistance, and
the accuracy of Cp was estimated to ∼93% below 2 K and
∼90% between 2 and 4 K as deduced from measurements on
a reference sample of polycrystalline Ge [17].
III. RESULTS AND DISCUSSION
A. La2−xSrxCuO4
Efforts to measure the normal state specific heat at low
temperatures in LSCO have been hindered by the very large
upper critical-field values exceeding 60 T around optimal
doping (for 0.14  p  0.21 [18], see also Ref. [14] and
references therein). This implies that measurements in the
normal state have been limited to highly underdoped or over-
doped samples in which superconductivity is absent [5,6,19]
or weak enough to be easily suppressed by moderate mag-
netic fields [6,18]. However, ARPES measurements indicated
that the pseudogap critical point 0.17  p⋆  0.22 [20,21].
Accordingly, resistivity measurements suggested that p⋆ =
0.19 ± 0.02 [22–24], i.e., lying in the doping range for which
the normal state is unattainable.
As shown in Fig. 1, the specific heat increases with the
magnetic field in the mixed state and saturates at high fields,
clearly indicating that the applied fields are large enough
to suppress superconductivity [or are slightly below Hc2(0)
for p ∼ 0.22 and 0.145]. The field values above which C/T
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saturates (at 2 K) are in very reasonable agreement with the
Hc2(0) values inferred from transport measurements [14,18]
[shaded (colored) boxes in Fig. 1]. Similarly, the field-induced
softening in sound velocity measurements and the field depen-
dence of 1/T1 in NMR measurements both stop at about 40 T
at 4 K for p ∼ 0.21 [14] which is again consistent with our es-
timated Hc2(0) values. Moreover, at higher temperatures, the
crossover from the superconducting to the normal state shows
up as a broad maximum in the field—and/or temperature—
dependence of C/T (see the Supplemental Material [25]).
This smeared maximum (still visible at 2 K in Fig. 1 for
p ∼ 0.24) is then reminiscent of the former specific jump at
Hc2, indicating the locus in the H-T phase diagram where
most of the change in the superconducting ordering energy
occurs. All measurements were performed above this bump.
Finally, we stress that the Wiedemann-Franz law is obeyed
in Nd-LSCO p ∼ 0.24 at a field of 10 T (and above) [26],
showing that above 10 T there is no trace of superconductivity,
in good agreement with the field above which the specific heat
saturates [4]. By applying magnetic fields up to 35 T, we were,
hence, able to determine the specific heat in the normal state
for p values as close as possible to p⋆.
Note that a H2 field dependence is observed at the lowest
temperatures for H  Hc2(0), indicating the presence of a hy-
perfine Schottky contribution: Chyp = AH
2/T 2 with A ∼ 4 ±
1 × 10−3 mJ mol−1 K−1 T
−2
(see the Supplemental Material
[25] and Fig. 3 below). This hyperfine term is unfortunately
hindering any unambiguous determination of the electronic
contribution at very low temperatures, and we have here
limited our lowest temperature to ∼2 K for the analysis of
Ce/T as Chyp/T becomes negligible above this temperature
(see Fig. 5 in the Supplemental Material [25] for the relative
contribution of each term).
Our measurements then clearly indicate that the normal
state electronic contribution to the specific heat displays a
maximum upon doping [see Fig. 2(a)], similar to the one
observed in Nd- and Eu-substituted LSCO [4] [Fig. 2(b)]. As
shown, very similar Ce/T values are obtained for p  0.25,
but clear differences are visible for lower dopings. Indeed,
the position of the peak is shifted towards lower dopings in
LSCO compared to its Nd- and Eu-substituted counterparts,
due to the lower p⋆ value. However, the maximum is sig-
nificantly broader in LSCO, in agreement with the doping
dependence of the electronic specific heat previously obtained
in Zn-substituted samples [13] [see Fig. 2(c)]. Even though
there exists some uncertainty on the determination of p, it is
worth noting that those large Ce/T values have been observed
in samples with upper critical fields ranging from Hc2 ∼ 14 T
to Hc2  34 T (see Fig. 1), unambiguously confirming that
Ce/T remains large over an extended doping range (from
p ≈ 0.20 to p ≈ 0.26).
Note that attempts to determine the electronic contribu-
tion from high-temperature specific-heat measurements (i.e.,
for T > Tc) led to inconclusive results close to p
∗. Those
determinations were based on a difficult phonon subtrac-
tion procedure, and reported values vary from 7 [27] to
14 mJ mol−1 K−2 [28]. The latter value seems to be consis-
tent with our paper (see Fig. 2), but Ce/T actually decreases
with T , hindering any direct comparison between those high-
temperature values and those obtained here for T → 0.
FIG. 2. (a) Electronic contribution to the specific heat Ce/T (at
2 K) as a function of the doping content p in La2−xSrxCuO4 (solid
squares, see Table I for sample details) together with data previously
obtained in samples of lower Hc2 values [5,6,19] (crossed open
squares). The same guide to the eye (thin line) is used in all panels.
(b) The same data as panel (a) together with data previously obtained
in Nd-LSCO (black circles) and LSCO (black squares) crystals (from
Ref. [4]). (c) The same data as in panel (a) together with data previ-
ously obtained in samples in which superconductivity was destroyed
by Zn impurities [13] [(red) closed circles]. (d) The same data as in
panel (a) together with calculations from Ref. [29] for a van Hove
singularity at pvHs = 0.2 (solid lines) for the indicated geometries
[2D/three dimensional (3D)] and scattering rates (h̄/τ , see Ref. [29]
for details). As shown, the dependence obtained for any van Hove
singularity only very poorly reproduces the experimental data.
The change in topology of the Fermi surface at pvHs  p
⋆ is
expected to give rise to a strong (diverging) van Hove singular-
ity in a purely 2D system [29] [see the black line in Fig. 2(d)].
In fact, the amplitude of this singularity is strongly reduced
both by the non-zero dispersion along kz and the presence of
disorder. The dark-blue line in Fig. 2(d) is a calculation of its
contribution to the specific heat for an anisotropic 3D system
with a transverse hopping rate tz = 0.07t, t being the nearest-
neighbor hopping parameter in the tight-binding Hamiltonian.
The light-blue and purple lines are calculations for scattering
rates τ equal to h̄/τ = 0.04t and 0.28t , respectively [29] (the
latter value is consistent with the measured residual resistivity
ρ0 ∼ 30 μ	 cm). We deduce from Fig. 2(d) that the compu-
tations poorly reproduce the experimental data. Moreover, as
disorder is very different in pristine LSCO- and Zn-substituted
samples, one should have observed a much reduced peak in
the latter. This is not the case, hence, strongly suggesting that
the observed peak is not related to this van Hove singularity.
214506-3
C. GIROD et al. PHYSICAL REVIEW B 103, 214506 (2021)
Finally, it is interesting to compare our data on LSCO at
p = 0.04 with recent quantum oscillation measurements in
the five-layer cuprate Ba2Ca4Cu5O10(F, O)2 [30]. The fre-
quency of the oscillations coming from the innermost layer
(labeled IP0) in which there is long-range antiferromagnetic
order is F = 147 T. ARPES measurements show that the
Fermi surface in this metal with antiferromagnetic order con-
sists of four small closed hole pockets at nodal locations in
the Brillouin zone, centered approximately at (±π/2,±π/2)
[30]. The 2D carrier density n contained by each hole pocket
is given by n = F/0, where 0 = h/2e. The hole concen-
tration (doping) p should then be given by p = 2n, given that
there are two hole pockets per magnetic Brillouin zone, which
yields p ≃ 0.04. The effective mass extracted from the quan-
tum oscillations is m∗ ∼ 0.7me, where me is the bare electron
mass. This corresponds to a specific-heat Sommerfeld coeffi-
cient γ = 2 × 1.43m∗ ∼ 2 mJ mol−1 K−2 mol−1 Cu−1 where
the factor 2 comes from having two hole pockets in the
Brillouin zone. This expected value of γ is not far from the
value of 3 mJ mol−1 K−2 mol−1 Cu−1 reported here for LSCO
at p = 0.04 (Figs. 1 and 2). Given that the carrier density
estimated from the Hall number in LSCO at p = 0.04 is
indeed n = nH ≃ 0.04 [31], the Fermi surface of LSCO at
p = 0.04 should be the same as that observed on the inner
plane of Ba2Ca4Cu5O10(F, O)2, i.e., four nodal hole pockets
containing p carriers, even though the commensurate anti-
ferromagnetic phase in LSCO ends at p ≃ 0.02. This points
to a similar Fermi surface in the pseudogap phase, beyond
p ≃ 0.02, and in the antiferromagnetic phase as suggested
by Hall studies in various cuprates [8,9,11] and associated
calculations [32–35].
Another indication for the presence of a quantum critical
point (QCP) is the occurrence of a ln(1/T ) contribution in
the temperature dependence of the specific heat [4,12]. As
shown in Fig. 3, the data can be well described by the standard
C/T = γ0 + βT
2 law above ∼2 K for dopings far from the
critical doping p⋆, i.e., for p  0.145 and p  0.29 (a small
δT 4 correction has to be introduced above ∼5 K). At very low
temperatures, a clear deviation due to the hyperfine contribu-
tion is visible, in good agreement with the H2 dependence
observed in C/T (H ) (see Fig. 2 in the Supplemental Material
[25]). In contrast with data at p = 0.12, the upturn at low
temperatures cannot be described by the hyperfine contribu-
tion alone for dopings close to p⋆ (i.e., for p ∼ 0.22–0.25),
indicating an extra contribution which extends well above 2 K.
Note that a very similar contribution is also visible in the data
previously obtained by Wang et al. [6] for p = 0.26 (see Fig. 1
in the Supplemental Material [25]). Such an upturn has also
been observed in Zn-LSCO (below ∼3.5 K) and has been
attributed to local magnetic moments induced by Zn doping
[13], but this interpretation cannot hold in our pristine LSCO
crystals.
In this doping range, the data can then be very well fitted
by introducing an extra ln(1/T ) contribution to the specific-
heat C/T = AH2/T 3 + βT 2 + δT 4 + B ln(T0/T ) (see solid
lines in Fig. 3) where the constant B ln(T0) term contains
both the band-structure Sommerfeld contribution and a cutoff
temperature above which the contribution of the (quantum)
fluctuations vanishes. To clearly highlight this logarithmic
contribution, it is displayed in Fig. 3(a) as a shaded area under
FIG. 3. Temperature dependence of the specific heat obtained in
La2−xSrxCuO4 for p  0.25 [panel (a)] and p  0.22 [panel (b)] at
the indicated magnetic fields (see Table I for sample details). For p =
0.22 and 0.25, the data can be well described by C/T = AH2/T 3 +
βT 2 + δT 4 + B ln(T0/T ) [(black) solid lines]. The (black) dashed
line in panel (a) corresponds to the dependence that would be ob-
tained for B = 0 (p ∼ 0.25), and the shaded area then highlights the
contribution of the B ln(T0/T ) term. By contrast, a good fit to the
data can be obtained with B = 0 for p = 0.12 [(black) dashed line in
panel (b)]. The standard C/T = γ0 + βT
2 dependence is indicated
by the dotted lines [panel (b)]. As seen for p ∼ 0.12, the hyperfine
(AH 2/T 3) contribution becomes negligible above 3 K. The data at
p = 0.29 and p = 0.33 (open symbols) are from Refs. [5,6], respec-
tively (see also the Supplemental Material for other compositions
[25]).
the curve for p = 0.25. On the contrary, a very good fit to
the data can be obtained with B = 0 for p = 0.12 [see the
dashed line in Fig. 3(b)]. Note that a ln(1/T ) contribution
to microwave resistivity measurements has been reported by
Zhou et al. [36] in YBCO and Tl2Ba2CuO6+δ . This loga-
rithmic upturn has been attributed to flux flow resistivity in
the mixed state of d-wave superconductors, but such an ex-
planation cannot account for our specific-heat measurements
which were carried out in the normal state (see Fig. 1 and the
discussion above).
B. Bi2+ySr2−x−yLaxCuO6+δ
We performed similar measurements on four Bi2201 crys-
tals (see Table I). It is difficult to determine an unambiguous
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TABLE I. Sample name, critical temperature Tc, chemical substitution rates (x and y), estimated T = 0 upper critical field (
∗ from
Refs. [14,18]), sample mass, and B coefficient in the B ln(T0/T ) contribution to the specific heat of the Bi2+ySr2−x−yLaxCuO6+δ and
La2−xSrxCuO4 single crystals. Bi2201 samples No. 1 and No. 4 are the same as OD10K and OD18K in Ref. [11], respectively. Bi2201
samples No. 2 and No. 3 are the same as those for which the NMR Knight shift was reported in Ref. [16], yielding estimates of the pseudogap
temperature T ⋆ as plotted in Fig. 6. Last line: Data from Ref. [4].
Name Tc (K) x y Hc2(0) (T) Mass (mg) B (mJ mol
−1 K−2)
Bi2201 No. 1 ∼11.5 0 0.05 ∼15 0.42 2.8 ± 0.5
Bi2201 No. 2 ∼10 0.04 0 ∼15 1.20 3.2 ± 0.5
Bi2201 No. 3 ∼13.5 0.08 0 ∼17 0.37 2.5 ± 0.5
Bi2201 No. 4 ∼18 0.20 0 ∼22 (at 2.1 K) 0.39 <1
LSCO No. 1 0 0 0 0.60 0
LSCO No. 2 0 0.04 0 0.95 0
LSCO No. 3 ∼20 0.12 ∼19 0.75 0
LSCO No. 4 ∼25 0.145 40 ± 5∗ 1.50 0
LSCO No. 5 ∼25 0.22 37 ± 4∗ 0.94 2.0 ± 0.3
LSCO No. 6 ∼16 0.24 ∼23 (at 2.1 K) 1.50 2.2 ± 0.3
LSCO No. 7 ∼15 0.25 ∼14 (at 2.1 K) 0.85 2.1 ± 0.3
Eu-LSCO 11 p = 0.24 11 2.5 ± 0.5
doping content p in Bi2+ySr2−x−yLaxCuO6+δ due to the var-
ious doping routes (x, y, and δ). The phase diagram is then
usually plotted as a function of the critical temperature Tc
(see Fig. 6 below) and the onset of the pseudogap phase—as
deduced from ARPES [37] and NMR [38] studies—occurs in
the highly overdoped regime for Tc ∼ 8 K. All measurements
were, hence, performed within the pseudogap phase, with
p ∼ p⋆ in Bi2201 No. 2.
As shown in Fig. 4, the electronic specific heat is on the
order of 8 ± 1 mJ mol−1 K−2 at 3 K but rapidly increases with
decreasing temperature, reaching ∼13 ± 1 mJ mol−1 K−2 at
0.65 K in Bi2201 Nos. 1–3. In Bi2201, the hyperfine con-
tribution to the specific heat we observe is much weaker
than in LSCO (A = 8 ± 1 × 10−4 mJ mol−1 K−1 T
−2
), and
the normal state could be reached in all measured samples
[see Table I and Fig. 4 in the Supplemental Material [25]
for the upper critical field Hc2(0) values]. As an example,
in the normal state of sample Bi2201 No. 1 at a field just
above Hc2(0) ∼ 15 T, the hyperfine term is about 20 times
smaller than in LSCO. The contribution of the ln(1/T ) term
can then be straightforwardly identified in the temperature
dependence of C/T and is highlighted by a shaded area in
Fig. 4(a) (see Fig. 5 in the Supplemental Material [25] for the
relative contribution of each term).
Complementary measurements have also been performed
in Bi2201 No. 2 in pulsed magnetic fields up to ∼39 T [see
Fig. 4(b)]. Although slightly larger, the obtained C/T values
are in reasonable agreement with the one obtained in DC field.
They confirm the presence of a clear upturn at low temper-
atures and the absence of any significant contribution from
the hyperfine term (i.e., no field dependence) up to 39 T on
the whole temperature range. In all samples, C/T can then be
very well fitted by a AH2/T 3 + βT 2 + B ln(T0/T ) law (solid
lines in Fig. 4). In samples Bi2201 Nos. 1–3, the amplitude of
the logarithmic contribution is identical within error bars (see
Table I) and this contribution is only significantly smaller in
Bi2201 No. 4, which has the highest Tc and, hence, a doping
content further away from p⋆ [see the shaded area in Fig. 4(d)].
It is worth noting that we obtained very similar B coeffi-
cients (∼2 to 3 mJ mol−1 K−2 close to p⋆) in LSCO, Nd/Eu-
LSCO, and Bi2201 (see Table I). Following Varma [39],
FIG. 4. Temperature dependence of the specific heat of our
Bi2+ySr2−x−yLaxCuO6+δ single crystals (see Table I for sample de-
tails). Solid lines are fit to the data assuming that C/T = AH2/T 3 +
βT 2 + B ln(T0/T ), and the dashed line corresponds to the depen-
dence that would be obtained for B = 0. The contribution of the
B ln(T0/T ) term is highlighted by the gray shaded area. As shown
in panel (d), the contribution of the ln(1/T ) term is much weaker in
Bi2201 No. 4 which has a larger Tc value. Complementary pulsed
field data in our Bi2201 No. 2 sample for fields ranging from 12 to
39 T are also displayed in panel (b). Measurements of Bi2201 No.
3 at both 18 and 32 T are displayed in panel (c), indicating a field
dependence of C/T in the normal state, well above 1 K (see also
Fig. 6 and text for the details).
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FIG. 5. Temperature dependence of the electronic contribution
to the specific heat Ce/T = C/T − AH
2/T 3 − Cph/T of Bi2201 No.
3, compared to the dependence previously obtained in Eu-LSCO in
Ref. [4], clearly displaying the logarithmic temperature dependence
[Ce/T = B ln(T0/T )] with a field-dependent T0(H ).
B is expected to be on the order of the band-structure
Sommerfeld coefficient γ0 and our B value is then quan-
titatively consistent with a γ0 value being on the order of
5 mJ mol−1 K−2 as measured far from p⋆ (the coupling con-
stant g = B/γ0 ∼ 0.5 is in agreement with transport and
photoemission measurements, see Ref. [39] for a detailed
discussion). This B ∼ γ0 scaling also well agrees with the fact
that much larger B values were reported in heavy fermions
(∼500 mJ mol−1 K−2 [40]).
On the other hand, B ln(T0) varies from ∼11 to
12 mJ mol−1 K−2 in Bi2201 to ∼16–19 mJ mol−1 K−2 in
lanthanum-based cuprates (see Fig. 5). This increase in T0 is
consistent with Seebeck coefficient measurements [11,41,42]
showing that, at low temperatures, S(T ) is significantly larger
in Nd/Eu-LSCO than in Bi2201. S(T ) also displays a ln(1/T )
temperature dependence, but this contribution is then flatten-
ing off above ∼30 K in Bi2201 whereas it extends up to
∼100 K in Nd/Eu-LSCO. Finally, note that we observe a
small increase in T0 with field in Bi2201 No. 3 [see Figs. 4(c)
and 5]. Although small, this field-induced change cannot be
attributed to the Schottky contribution (see Fig. 6 in the Sup-
plemental Material [25]) and still has to be understood (see
also concluding remarks below).
Finally, let us turn to the doping dependence of Ce/T
in Bi2201. As shown in Fig. 6, the electronic specific heat
is on the order of 8 ± 1 mJ mol−1 K−2 at 3 K but rapidly
increases with decreasing temperature, reaching ∼13 ±
1 mJ mol−1 K−2 at 0.65 K in Bi2201 Nos. 1–3. As shown,
Ce/T at 0.65 K then decreases in Bi2201 No. 4. Bi2201 Nos.
1–3 clearly lie close to the onset of the pseudogap phase, em-
phasizing the enhancement of Ce/T (at low T ) in the vicinity
of this point. Note that a linear temperature dependence of
FIG. 6. Electronic specific heat Ce/T as a function of the critical
temperature Tc at 0.65 K (squares) and 3 K (circles) for Bi2201 sam-
ples No. 1 (black), No. 2 (green), No. 3 (blue), and No. 4 (red) (same
color code as in Fig. 4), together with the evolution of the pseudogap
phase onset temperature T ⋆ as deduced from ARPES (diamonds
from Ref. [37]) and NMR (circles from Refs. [16,38]) measurements.
Closed symbols correspond to 18-T measurements and open symbols
to 32-T measurements, suggesting a (small) increase of the electronic
contribution with field in the normal state (see Fig. 5).
the resistivity has been reported recently in Bi2201 No. 1 (la-
beled OD10K) [11] but this linearity does not persist down to
T = 0 K, indicating that the doping content is slightly below
p⋆ for this Tc value.
It is interesting to further compare our specific-heat data
on Bi2201 with recent transport measurements performed on
the same samples (samples labeled OD10K and OD18K in
Ref. [11] are the same as Bi2201 No. 1 and Bi2201 No.
4, respectively). In particular, the Hall effect measurements
yield a large difference in Hall number between the two,
namely, nH ∼ 1.4 for Bi2201 No. 1 and nH ∼ 0.75 for Bi2201
No. 4, interpreted as a sharp nearly twofold drop in carrier
density with decreasing p [11]. A similar decrease has been
reported by Putzke et al. [10] and a very similar drop was
observed previously in YBCO [8] and Nd-LSCO [9]. This
drop has been identified as a key signature of the pseudogap
phase that reveals a transformation of the Fermi surface across
p⋆, consistent with a change from a large surface containing
1 + p holes to small Fermi pockets containing p holes [32,43].
Note that for the same Bi2201 samples, the electronic spe-
cific heat at T = 3 K changes very little from one doping to
the other (Fig. 6). This is not necessarily incompatible with
a transformation of the Fermi surface. Indeed, calculations
show that when a metal undergoes a transition into a phase
of antiferromagnetic order (at T ≃ 0) [34], the specific heat
is barely affected initially whereas the Hall number exhibits a
rapid drop.
Another property of Bi2201 that was measured in the
field-induced normal state at T → 0 is the NMR Knight shift
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[38], which reflects the electronic spin susceptibility, typically
assumed to be proportional to the electronic density of states.
In that sense, it should be closely related to the electronic
specific heat reported here. What we observe is that the two
quantities do not show the same degree of change below
p⋆. Indeed, although the electronic spin susceptibility at T ≃
2 to 3 K drops by a factor of about 20% in going from Tc = 10
to Tc = 18 K [38], the electronic specific heat does not change
(Fig. 6). This suggests that the two measurements, performed
in the very same conditions of temperature and field, on the
same Bi2201 samples, do not reflect the same underlying
physical quantity, i.e., they do not both reflect the same density
of states. Understanding this difference, revealed here for the
first time in a cuprate material, should provide new insight into
the nature of the pseudogap phase.
IV. CONCLUDING REMARKS
To summarize, we have shown that the electronic contri-
bution to the normal state specific heat displays a ln(1/T )
temperature dependence associated with a strong increase in
Ce/T for T → 0, close to the critical doping p
⋆ that marks
the onset of the pseudogap phase in both LSCO and Bi2201
as previously observed in Nd/Eu-LSCO [4]. These features
seem, therefore, generic in cuprates and are classical signa-
tures of the existence of a QCP, whose nature has not yet been
identified. In LSCO, the ln(1/T ) term is observed, at least, up
to p = 0.26, i.e., well above p⋆ = 0.19 ± 0.02. This extended
doping range could be reminiscent of the anomalous form of
criticality previously pointed out by Cooper et al. in transport
measurements [24] for which a linear term in the temperature
dependence of the resistivity is observed from p ∼ 0.18 up to
p ∼ 0.3.
Moreover, we observed that the criticality is reinforced by
the magnetic field in Bi2201 (the large hyperfine contribution
and Hc2 values are hindering a similar study in LSCO) as the
electronic contribution to the specific heat slightly increases
with field in the normal state. This puzzling behavior is in
contrast to the one usually observed in heavy fermion systems
in the vicinity of a magnetic QCP [12]. Indeed, in this case
the quantum fluctuations are suppressed by the application of
magnetic field, and the ln(1/T ) contribution saturates at low
temperature for large field values. Recent NMR and sound
velocity measurements [14] indicated that the short-range
magnetism is reinforced under high magnetic fields in LSCO.
The interplay between this magnetic state and the signatures
of quantum criticality observed here still has to be clarified,
but it is worth noting that this magnetic phase vanishes at a
critical doping which extrapolates to p⋆ for a large magnetic
field, leading to a possible field dependence of the QCP (see
also Ref. [44]). However, no indication for the presence of
such a magnetic state in the vicinity of the onset of the pseu-
dogap phase has been observed so far in Bi2201.
Finally, calculations for the two-dimensional Hubbard
model in the doped Mott insulator regime [45] have proposed
an alternative interpretation of these thermodynamic anoma-
lies without invoking broken symmetries. A sharp crossover
in the specific heat can occur when crossing the Widom line
emanating from a finite-temperature critical endpoint of a
first-order transition between a strongly correlated pseudogap
phase (in which short-range antiferromagnetic correlations
form singlet bonds) and a metal [46].
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